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Strongly regular pk-circulants, where p is a prime number, are characterised and a 
representation of Paley graphs of order p* as metacirculants is given. 
1, Induction 
All the graphs and digraphs considered in this paper are finite. By p we shall 
always denote a prime number. 
If S is a subset of Z,,, the ring of residue classes modulo n, and j E Z,, we let 
jS={js:sES} and S+j={s+j:seS}. If S=-S we say that S issymmet& 
and if S n -S = # we say that S is antisymmetic. 
Let S c 2, \ (0). The n-dicirculant G(n, S) with a symbol S is the digraph with 
vertex-set {u,, ul, . . . , u,,-1) and Ui+Uj if and only if j-i ES where all 
arithmetic is done modulo n. (Note that n-dicirculants are precisely the Cayley 
digraphs of a cyclic group of order n.) If S is symmetric, then G(n, S) is a graph. 
We call it an n-circulant graph or simply an n-circulant. (Also, Ui - Uj if and only 
ifj-itzS.) 
If G is a graph and Y E V(G), then N(V) = {u E V(G) : u - v} denotes the set 
of neighbors of V. If 1 V(G) 1 = n, then G is an n-graph. A (k, A, &-strongly 
regular graph in a k-regular graph G such that: 
(i) the number il of 3-cliques K3 in G containing a given edge is independent of 
the choice of edge and 
(ii) the number p of 2-claws & in G containing a given nonedge is 
independent of the choice of nonedge. 
The numbers il and y are called the intersection numbers of G. A strongly 
regular graphs is trivial if either G or G” is disconnected and is nontrivial 
otherwise. Clearly, a strongly regular graph is disconnected if and only if p = 0 in 
which case G is a disjoint union of isomorphic omplete graphs. Moreover, the 
complement of a strongly regular graph is strongly rp?ular too. 
Proposition 1.1 [3, p. 1451. Let G be a (k, A, p)-strongly regular n-graph. Then 
G” is (k’, A’, u’)-strongly regular where 
0 k -k-l, A’=n-2k-2+p, p’=n-2k+A, 
(ii) k;k=-“n - 1) = pk’ and 
(iii) G is nontrivial if and only if p # 0, k. 
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Let q=ph 1 (mod 4). The Paley graph P(q) has the vertex set GF(q), the 
finite field with q elements, and two vertices are adjacent if and only if their 
difference is a square in GF(q). Then P(q) is strongly regular. The intersection 
numbers of P(q) are A = (q - 5)/4 and y = (q - 1)/4 [S, p. 1211. 
In this paper we investigate the relationship of circulants and strongly regular 
graphs. In particular we prove that a pk-circulant is a nontrivial strongly regular 
graph if and only if it is isomorphic to tne Paley graph P(p) (Theorem 2.6). 
Further we show that no circulant with pq vertices, where p and q are distinct 
primes, exists (Proposition 2.3). Finally, by representing Paley graphs as 
metacirculants we obtain some additional information about the structure of these 
graphs (Proposition 3.1). 
The following result may be deduced from [4, p. 3591. 
Propositim 2.1. Let G be a (k, A, &strongly regular n-graph. Then the 
adjacency matrix of G has three distinct eigenvalues k, pl, p2 where p1 and p2 are 
the roots of the equation 
x2+@-A)x+(u-k)=O. (1) 
Moreover, either 
(i) p1 and p2 are integers or 
0 ii n=l(mod4),k=(n-1)/2andy=A+l=k/2. 
For a subset S of 2, we let Ps(x) = CseSxS. Let S be symmetric and let 
G = G(n, S). It is well known that the quantities Ps(p) (j E Z,), where 5 = e2m”n, 
are the eigenvalues of the adjacency matrix of G. Therefore 
Ps(g) is a root of (1) for j # 0. (2) 
As mentioned in the introduction the Paley graphs P(q) are strongly regular. 
Moreover, when q is a prime, they are circulants and satisfy condition (i) but do 
not satisfy condition (ii) of Proposition 2.1, i.e. the solutions of (1) are not 
integers. We conjecture that Paley graphs P(p), where p is a prime, are the only 
strongly regular circulants. In view of Proposition 2.2 and Theorem 2.6 below this 
conjecture would be proved if we showed that a strongly regular circulant has 
non-integer eigenvalues. 
Proposition 2.2. Let S c Zn \ (0) be symmetric and G = G(n, S) be a nontrivial 
strongly regular circulant with symbol S. Then the following statements are 
equivalent: 
(i) the eigenvalues of G are integers ; 
(ii) hS=SforeachhEZ,*; 
(iii) n is a composite integer. 
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Proof. (i) + (ii). It follows that Ps(p) is an integer for each j. Therefore Ps(p) is 
fixed by each element of the Gals& group G(e[s]/Q) of the field extension Q[s] 
over Q, a group isomorphic to 2:. Therefore Ps(e) = Ps@) = Phs( p) for each 
k E Z,* and so the polynomials Ps(x) and PM(x) coincide for each root 5’ (j E Zn) 
of the polynomial x” - 1. This implies that Ps(x) = PM(x) for each h E 2:. 
Therefore hS = S for each h E 2:. 
(ii) 3 (iii). It follows that either Z,* s S or 2: c SC. Since G is nontrivial, and 
so both G and G” are connected, it follows that n must be a composite integer. 
(iii)+(i).’ Let It = ab, with gcd(a, b) = 1. Let w be a primitive ath root of 
unity and let o be a primitive bth root of unity. Now, Ps(w) E Q[w] and 
J%(o) E Q[4 As &(4 and P ( ) s o are algebraic onjugates over Q and as e[w] 
and Q[a] are Galois extensions of Q, it follows that Ps(w) E e[o] n Q[ a] = Q, a 
contradiction. 0 
The following simple argument uses Proposition 2.2 to prove that no strongly 
regular pq-circulant, where p and q are distinct primes, exists. 
Pqositlon 2.3. Let p and q be distinct primes. Then no nontrivial strongly 
regular pq-circulant exists. 
Proof. Let n = pq, let S E &\{O} be symmetric and let G = G(n, S) be a 
nontrivial strongly regular graph. In view of Proposition 2.2 we may assume that 
Z,* c S. Hence, since G is nontrivial, Z,* = S. Then 
(3) 
Since qZ,, n (qZ,, +p) = 8 and 42, n (~2, + p) = 0, it follows that qZ,, s S +p. 
Moreover, ~2, n S +p = 8. Therefore IS n S +pI = ISI - l&J. Similarly, IS n 
S + al = ISI - IPGI- 
This contradicts (3). Cl 
We now turn to strongly regular circulants of prime power order. The following 
two lemmas will be needed to prove our main result (Theorem 2.6). 
Lemma 2.4. Let n =pk, where p is a prime, let S c Z,, \ (0) be symmetric and let 
G = G(n, S) be a strongly regular n-circulant with symbol S. Then there exists a 
subgroup H of index 2 in Z,* such that hS = S for each h E H. 
Proof. Let jE ZJ{O), a! = Ps( 9) and consider the field extensions Q [e] and 
Q[ (u] of Q, the field of rationals. Clearly, Q[c] is an extension of degree $(n) 
and by (l), (2) and Proposition 2.2, Q[ly] is an extension of degree 2 of Q. Hence 
Q[e] is an extension of degree e(n)/2 of Q[cu] and so the Galois group 
G(Q[Sl/Q[ I)! is isomorphic to a subgroup H of index 2 in 2:. An argument, 
’ This part of the p roof was provided by the referee. 
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that which the implication + (ii) the ~XJT~~ 
Proposition 2.2, proves that = S each h H. 0 
Lemma 2.5. A self-complementary and edge-transitive graph G is strongly 
regular. 
Pro& Since G is edge-transitive every edge can be taken into any other edge by 
some automorphism of G. Moreover, since G is self-complementary it follows 
that Cc is edge-transitive too and therefore every nonedge of G can be taken into 
any other nonedge of G by some automorphism of G. Hence every feature 
peculiar to a given edge (nonedge) of G generalizes to any other edge (nonedge) 
of G. In particular, this implies that G is strongly regular. Cl 
Theorem 2.6. A pk-circulant is a nontrivial strongly regular graph if and only if 
k = 1 and it is isomorphic to the Paley graph P(p). 
Proof. Let n = pk and let G be an n-circulant with symbol S. Assume that G and 
G” are both connected. In view of Proposition 2.2, G satisfies condition (ii) of 
Proposition 2.1 and so in particular 
p is an Cd prime. (4) 
The connectedness of G and G’ implies that S n Z,* and ST Z,* are both 
non-empty, where SC = Z,, \S U (0). We may therefore assume, in view of 
Lemma 2.4, that both S and SC contain a coset of the subgroup H of index 2 in 
2:. Let H” = Zz\pi. Then without loss of generality 
HsS and Hc&SC. (5) 
Moreover, we may also assume that 
ISI 6 IS7 (6) 
and so 
ISI s (n - Q/2. (7) 
By statement (ii) of Proposition 1.1 we have 
ISI = A ISI + p IS’l + ISI. (8) 
Let us assume that k 2 2. Since H = H + m for each m E pZ,, it follows that (in 
view of (5)) 
(S n S + ml 2 IHI = e(n)/2 for each m EPZ,,. (9) 
Suppose first that both S np& and SC np& are non-empty. Then both A and 
p are at least #(n)/2 by (9). Therefore by (8), lSl2 - ISI 3 (ISI + IS’I)qb(n)/2 = 
(n - l)#(n)/2, which clearly contradicts (7) as e(n) = n(1 - l/p). 
Strong reguhity and graphs 123 
Suppose now that either S or SC is a coset of H. Then, in view of (5), S = H and 
therefore p = IS n S +p( = ISI + k, which contradicts the fact that G is nontrivial. 
Therefore our assumption that k 2 2 was false and so k = 1. Hence S = H. 
Then j* E S for each j E 2:. The symmetry of S implies that p = 1 (mod 4) and 
that G is isomorphic to the Paley graph P(p). For the sake of completeness we 
show that G is strongly regular. Clearly, G is self-complementary and edge- 
transitive by [ 1, Theorem 21. Hence, Lemma 2.5 implies that G is strcqly 
regular. Moreover, self-complementarity of G implies, by Proposition 1, I, c-_, it 
il = (p - 5)/4 and p = (p - 1)/4. cl 
3. Paiey graphs of or& p2 
In this section we give a “metacirculant-description” f the Paley graph P(p*). 
A graph G is a metucirculunt if Aut G contains a transitive subgroup which is a 
semidirect product of two cyclic groups (see also [2]). The graph P(p*) is of 
course a Cayley graph of 2” x 2” and as such a special example of a 
metacirculant graph. We remark that every eigenvalue of a strongly regular 
Cayley graph G of 2’ x 2" is an integer. Namely, if G satisfies condition (ii) of 
Proposition 2.1 then it necessarily satisfies condition (i) of Proposition 2.1. An 
example of such a graph is the Paley graph P(p’). 
An automorphism p of a graph G is said to be (m, n)-semiregular if it has n 
orbits of size 12 3 2 and no other orbit. If U, W are orbits of p let [U, IV] be the 
bipartite subgraph of G induced by the edges of G with one endvertex in U and 
the other in W. Let u E U, w E IV. The connective T of [U, W] relative to the 
ordered triple (p, u, w) consists of all t E Zn such that u - p’(w). 
Let G be a Cayley graph of the direct product 2’ x Zp and let v E V(G). Then 
there are (p, p)-semiregular automorphisms p and t of G such that pr = zp and 
V(G) = {p%j(~): i, j = 0, . o - 1). Let vij 
l 9 ,t = p?(v). Then there exist sets 
S s Z”\ (0) and z c 2” (i E Zp\ {0}), where Tm-i = -z for each i, such that 
vij - vkl if and Only if either i =k and j-IESor i#k and j-lEq-k. In other 
words, the set S is a symbol of each [I$] (and therefore a symmetric subset of 2’) 
and G_, is a connective of the bigraph [I$, vk]. We say that the ordered m-tuple 
[S, T,, T2, l l l 9 &] is a symbol of G relative to the ordered triple (p, r, Y). 
Proposition 4.1. Let G = P(p’) be the Paley graph with p* vertices. Then there 
are sets KcZ, of cardinality (p - 1)/2 such that 6 =iT, and 
[zp*, T,, T2, l l l 9 Tp+] is a symbol of G. 
Proof. Let H = {j* : j E Z,*} be the subgroup of index 2 in 2;. The vertex set of 
G is the field GF(p*) consisting of all linear polynomials ix + j (i, j E &,) where all 
arithmetic is done modulo some irreducible quadratic polynomial f(x) which we 
can choose to be of the form x2 - E where f E H’ = Zi\H. The automorphism 
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group Aut G contains permutations r/.+&z, b E GF(p”)) where W,,(v) = a*v + 6 
for each v E GF(p*) [S, p. 1211. 
Let p = w~,~. Then p is (p, p)-semiregular and its orbits are the sets 
K=Z,+ix (iEZp). Let z=?& Then z is (p, p)-semiregular also. Moreover, 
zp = pz and (p, t) is a transitive (regular) subgroup of Aut G. Let 
[S, T,, T2, l 9 l , Z&] be the symbol of G relative to the ordered triple (0, p, z). 
We first prove that S = 2;. It suffices to show that each j E 2” is a square in 
GF(p*). Clearly, if j E H’ = H U {0}, then j is also a square in GF(p*). So we 
may assume that j E H’ = EH. Hence there exists c E Z,, such that j = EC* and so 
(a)*= g-*jx*= E-'jx*-j+j= E-lj(x*- 5) + j = j. Therefore j is a square in 
WP2)= 
We are now going to prove that 
K = iT, and 1ZJ = (p - 1)/2 (i E Z,.,). (10) 
Clearly, t E K if and only if there are c, d E Zp such that (cx + d)* = ix + t. 
Therefore 
tElreC2X2+2c&+d2- I - ix + t (and since f(x) = x2 - 5) 
eGcdx+dx+d*+c*~=ix+t 
@2cd=i, d*+c*g=t. 
Hence t E z implies ? - i’s = (d* - c*G)* E H’, that is p E H’ + i*& Let Ri = 
{t : ? E H’ + i*E}. We have shown that 
KcRi (ieZp). (11) 
We claim that 
lRil = (p - 1)/2 (i E Zp). 
Let us distinguish two different cases. 
(12) 
Case 1. prl(mod4). 
Clearly, Ri is symmetric and since i*c E H” is a nonsquare, it follows that 0 $ Rim 
Therefore IRil = 2 IH fl H + i*gl= 2(p - 1)/4 = (p - 1)/2 since JH fl H + i*cl is 
the intersection umber ~1 of 2-claws containing a nonedge in the Paley graph 
P(P)* 
Case2. p+(mod4). 
Since H is antisymmetric, it follows that 0 E Ri and SO IRil = 2 IH fl H + i*Q + 
1. Consider the n-dicirculant G(n, H). In view of [l, Theorem 2] G(n, H) is an 
arc-transitive tournament and so any two vertices have the same number of 
common successors, ay m. Then 
j#O IHnH+jl=[~-l)/2, j=O 
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and therefore 
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IHI*= c IHMf+jl=m(p-l)+(p-1)/2. 
iezp 
and since IHI = (p - 1)/2, it follows that m = (3 - 3)/4. Therefore l&l = (p - 
1)/2. This completes the proof of (12). 
Clearly by (11) and (12), 
O~C(IZ?il-I~I)=C IRil-C ~~~=(~-1)*/2-(valG-~~~)=O 
i#O i#O i#O 
and SO, for each i E Zp, IZJ = l&l = (p - 1)/2. Furthermore, K = Ri (i E Zp). 
By t?cc definition of Ri we have that, for each r E Zp*, rRi = {rt : fl E H’ + 
i”f} = {rt : (rt)* E H’ + r*i”c} = Rri. Hence T = Ri = iR1 + i&. This completes the 
proof of (10) and Proposition 4.1. Cl 
Clearly, Proposition 4.3 implies that the Paley graph P(p’) is in fact completely 
determined by the set 6 = {t : t* E H’ + I$} alone. (Note however that & depends 
on the particular choice of a nonsquare 5 in Zi.) For example, in the case of the 
first four odd primes we have respectively & = {0}, & = {1,4}, & = (0, 1,6} and 
q = (0, 1,2,5,6,9). 
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